Equivariant Euler characteristics of the unitary building by Møller, Jesper M.
EQUIVARIANT EULER CHARACTERISTICS OF THE UNITARY BUILDING
JESPER M. MØLLER
Abstract. The equivariant Euler characteristics of the building for the general unitary group over a finite field are
determined.
1. Introduction
For a prime power q, GL−n (Fq), the isometry group of the unitary n-geometry over the field Fq2 , acts on the
poset L−n (Fq)
∗ = {0 ( U ( Fnq2 | U ⊆ U⊥} of nontrivial totally isotropic subspaces.
Definition 1.1. [2] The rth equivariant reduced Euler characteristic of the GL−n (Fq)-poset L
−
n (Fq)
∗ is the normal-
ized sum
χ˜r(L
−
n (Fq)
∗,GL−n (Fq)) =
1
|GL−n (Fq)|
∑
X∈Hom(Zr,GL−n (Fq))
χ˜(CL−n (Fq)∗(X(Z
r)))
of the Euler characteristics of the induced subposets CL−n (Fq)∗(X(Z
r)) of X(Zr)-invariant subspaces as X ranges
over all homomorphisms of the free abelian group Zr on r generators into the general unitary group.
The generating function for the negative of the rth equivariant reduced Euler characteristic is the power series
(1.2) FGL−r (x) = 1−
∑
n≥1
χ˜r(GL
−(n,Fq))xn
with coefficients in the ring of integral polynomials in q. (The shortened notation χ˜r(GL
−
n (Fq)) is and will be used
for the rth equivariant reduced Euler characteristic χ˜r(L
−
n (Fq)
∗,GL−n (Fq)) of Definition 1.1.)
Theorem 1.3. FGL−r+1(x) =
∏
0≤j≤r(1 + (−1)jqr−jx)(−1)
j(rj) for all r ≥ 0.
The binomial formula applied to the right hand side of Theorem 1.3 gives the more direct expression
(1.4) − χ˜r+1(GL−n (Fq)) =
∑
n0+···+nr=n
∏
0≤j≤r
(−1)jnj
(
(−1)j(rj)
nj
)
qnj(r−j)
where the sum ranges over all
(
n+r
n
)
weak compositions of n into r + 1 parts [21, p 25].
The first few generating functions FGL−r+1(x) are
1 + x,
1 + qx
1− x ,
(1 + q2x)(1 + x)
(1− qx)2 ,
(1 + q3x)(1 + qx)3
(1− q2x)3(1− x) ,
(1 + q4x)((1 + q2x)6(1 + x)
(1− q3x)4(1− qx)4
for r + 1 = 1, 2, 3, 4. In particular, −χ˜2(GL−n (Fq)) = q + 1 and −χ˜3(GL−n (Fq)) = nqn−1(q + 1)2 for n ≥ 1.
We now recall from [18] the situation for the general linear group and state in (1.6)–(1.8) three alternative formulas
for χ˜r(GL
−
n (Fq)). The general linear group, GL
+
n (Fq), of all linear automorphisms of the n-dimensional vector space
over Fq acts on the poset L
+
n (Fq)
∗ of all nontrivial and proper subspaces. Write χ˜r(GL+n (Fq)) for the rth equivariant
reduced Euler characteristic of the GL+n (Fq)-poset L
+
n (Fq)
∗ and FGL+r (x) = 1 +
∑
n≥1 χ˜r(GL
+(n,Fq))x
n for the
associated generating function. Letting χ˜r+1(GL
+
n (F−q)) stand for χ˜r+1(GL
+
n (Fq)) evaluated at −q,
(1.5) − χ˜r+1(GL−n (Fq)) = (−1)n(r+1)χ˜r+1(GL+n (F−q)), FGL−r+1(x)(q) = FGL+r+1((−1)r+1x)(−q)
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2 JESPER M. MØLLER
as FGL+r+1(x) =
∏
0≤j≤r(1 − qr−jx)(−1)
j(rj) [18, Theorem 1.4]. Replacing x by (−1)r+1x and q by −q in [18,
Theorem 1.5] yields
(1.6) FGL−r+1(x)(q) = exp
(∑
n≥1
(−1)n+1(qn − (−1)n)r x
n
n
)
The recursion
(1.7) − χ˜r+1(GL−n (Fq)) =

1 n = 0
− 1
n
∑
1≤j≤n
((−q)j − 1)rχ˜r+1(GL−n−j(Fq)) n > 0
follows as in [18, Corollary 4.5] and the infinite product expansion
(1.8) FGL−r+1(x) =
∏
n≥1
(1− xn)br+1(q)(n), br+1(q)(n) = 1
n
∑
d|n
µ(n/d)((−q)d − 1)r
as in [18, §4.2].
The Kno¨rr-Robinson conjecture (in its simplest, non-blockwise form) for the finite group G relative to the prime
p asserts that
zp(G) = −χ˜2(Sp+∗G , G)
where zp(G) is the number of irreducible complex representations of p-defect 0 [12, p 134] and Sp+∗G the Brown
G-poset of nontrivial p-subgroups of G [14, 24]. When G = GL−n (Fq) and p its defining characteristic, the left hand
side is the index of SL−n (Fq) in GL
−
n (Fq) [10, Remark p 69]. The right hand side is −χ˜2(GL−n (Fq)) because of
Quillen’s identification between the Brown poset and poset L−n (Fq)
∗ of nontrivial totally isotropic subspaces [19,
Theorem 3.1]. As both these numbers equal q + 1, the Kno¨rr-Robinson conjecture holds for the general unitary
group GL−n (Fq) relative to the defining characteristic.
2. The general unitary group GL−n (Fq)
Let q be a prime power, n ≥ 1 a natural number, and Vn(Fq2) = Fnq2 the vector space of dimension n over the
field Fq2 with q
2 elements. The nondegenerate sesquilinear form
(2.1) 〈u, v〉 = c
∑
1≤i≤n
(−1)i+1uivqn+1−i u, v ∈ Vn(Fq2)
is Hermitian (〈au, v〉 = a〈u, v〉, 〈u, v〉q = 〈v, u〉, a ∈ Fq2 , u, v ∈ Vn(Fq2)) when the constant c ∈ Fq2 satisfies
cq−1 = (−1)n+1. The general unitary group GL−n (Fq) [8, §2.7] is the group of all linear automorphisms of Vn(Fq2)
preserving the Hermitian bilinear form (2.1). Let ϕq(g) denote the matrix obtained from g ∈ GL+n (Fq2) by raising
all entries to the power q. Then g lies in GL−n (Fq) if and only if gA(ϕq(g))
t = A where A is the matrix whose only
nonzero entries are a string of alternating +1’s and −1’s running diagonally from upper right to lower left corner.
The order of GL−n (Fq) is [28, (2.6.1)] [30, (3.25)]
|GL−n (Fq)| = (q + 1)|SL−n (Fq)| = q(
m
2 )
∏
1≤i≤n
(qi − (−1)i) =
∏
0≤i≤n−1
(qn − (−1)n−iqi)
and there is a short exact sequence
(2.2)
1 SL−n (Fq) GL
−
n (Fq) Cq+1 1
det
where Cq+1 is the order q+1 subgroup of the cyclic unit group F
×
q2 . The special unitary group SL
−
n (Fq) is generated
by root group elements xα̂(t) or xα̂(t, u) of type I, II, and (for odd n) IV [8, Table 2.4] and the general unitary
group GL−n (Fq) by root groups together with the diagonal matrices diag(z, 1, . . . , 1, z
−q) for z ∈ F×q2 .
A subspace of Vn(Fq2) is totally isotropic if the Hermitian sesquilinear form (2.1) vanishes completely on it.
Let L−n (Fq) be the poset of totally isotropic subspaces in Vn(Fq2) and L
−
n (Fq)
∗ the subposet of nontrivial totally
isotropic subspaces. The standard action of GL+n (Fq2) on subspaces of Vn(Fq2) restricts to an action of GL
−
n (Fq)
on L−n (Fq)
∗. The classifying simplicial complex of L−n (Fq)
∗, the flag complex of totally isotropic subspaces, is the
building for GL−n (Fq) [1, §6.8]. We may replace the flag complex L−n (Fq)∗ by the Brown subgroup poset Ss+∗GL−n (Fq)
of nontrivial s-subgroups of GL−n (Fq) where s is the characteristic of the field Fq [19, Theorem 3.1].
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3. Self-dual polynomials over Fq2
In the next lemma, we consider field extension Fq ⊆ Fqm1 ⊆ Fqm2 where 1 ≤ m1 ≤ m2. Let σ0, σ1, . . . , σn be
the elementary symmetric polynomials in n ≥ 1 variables [15, Example 1.74] (where σ0 stands for the constant
polynomial 1).
Lemma 3.1. Let a1, . . . , an be n elements of the field Fqm2 . Then
∀i ∈ {0, 1, . . . , n} : σi(a1, . . . , an) ∈ Fqm1 ⇐⇒ ∀i ∈ {0, 1, . . . , n} : σi(a−q1 , . . . , a−qn ) ∈ Fqm1
Proof. The nth elementary symmetric function is σn(a1, . . . , an) = a1 · · · an. Observe that
∀i ∈ {0, 1, . . . , n} : σi(a−11 , . . . , a−1n )σn(a1, . . . , an) = σn−i(a1, . . . , an)
If all values of σi(a1, . . . , an) are in the subfield Fqm1 , also all values of σi(a
−1
1 , . . . , a
−1
n ) and σi(a
−q
1 , . . . , a
−q
n ) =
σi(a
−1
1 , . . . , a
−1
n )
q are in this subfield. 
Definition 3.2 (Dual polynomial). [28, Notation p. 13] Let p(x) = a0x
m + a1x
m−1 + · · · + am−1x + am ∈ Fq2 [x]
be a polynomial of degree m ≥ 1 with nonzero constant term (so that a0 6= 0 and am 6= 0). The dual polynomial to
p(x) is
p(x) = a0
∏
1≤i≤m
(x− α−qi )
where p(x) = a0
∏
1≤i≤m(x−αi) with α1, . . . , αm in the splitting field for p(x) over Fq2 . If p(x) = p(x) we say that
p(x) is self-dual.
We note that
• dualization is involutory: p = p
• dualization respects products: p1p2 = p1p2
• dualization respects divisibility: p1 | p2 ⇐⇒ p1 | p2
• a polynomial (with nonzero constant term) is irreducible if and only its dual polynomial is irreducible
• if p = a0
∏
reii is the canonical factorization of the polynomial p [11, Theorem 1.59] then p = a0
∏
reii is
the canonical factorization of the dual polynomial
Although the dual of a polynomial over Fq2 is defined in terms of elements of an extension of Fq2 , it is actually
again a polynomial over Fq2 as explained by Lemma 3.1.
Proposition 3.3. Let p(x) = a0x
m + a1x
m−1 + · · · + am−1x + am ∈ Fq2 [x] be a polynomial as in Definition 3.2
with a0 6= 0 and am 6= 0. The dual polynomial p(x) is given by
aqmp(x) = a0(a
q
mx
m + aqm−1x
m−1 + · · ·+ aq1x+ aq0)
and p(x) is self-dual if and only if its coefficients satisfy the equation
aqm(a0, a1, . . . , am−1, am) = a0(a
q
m, a
q
m−1, . . . , a
q
1, a
q
0)
Proof. The reciprocal [15, Definition 3.12] to the polynomial p(x) is
p∗(x) = xmp(x−1) = amxm + am−1xm−1 + · · ·+ a1x+ a0 = am
∏
1≤i≤m
(x− α−1i )
We may write the dual polynomial on the form
p(x)
a0
=
∏
1≤i≤m
(x− α−qi ) =
aqmx
m + aqm−1x
m−1 + · · ·+ aq1x+ aq0
aqm
and thus
p(x) = p(x) ⇐⇒ aqmp(x) = aqmp(x)
⇐⇒ aqm(a0xm + a1xm−1 + · · ·+ am−1x+ am) = a0(aqmxm + aqm−1xm−1 + · · ·+ aq1x+ aq0)
which is the criterion we wanted to show. 
If g is a unitary automorphism of a vector space over Fq2 and p(x) the polynomial of Definition 3.2 then
(3.4) aq0〈p(g)x, y〉 = am〈gm(x), p¯(g)(y)〉
for all vectors x, y.
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n = 1 n = 2 n = 3 n = 4 n = 5 n = 6
nA(n)(q) q q2 − q q3 − q q4 − q2 q5 − q q6 − q3 − q2 + q
nA(n)(q2) q2 − 1 q4 − q2 q6 − q2 q8 − q4 q10 − q2 q12 − q6 − q4 + q2
nA−(n)(q) q + 1 0 q3 − q 0 q5 − q 0
2nA+(n)(q) q2 − q − 2 q4 − q2 q6 − q3 − q2 + q q8 − q4 q10 − q5 − q2 + q q12 − q6 − q4 + q2
Figure 1. The polynomials A(n)(q), A(n)(q2) and A±(n)(q)
Corollary 3.5. [28, Proof of (ii), p. 35] The number of self-dual monic polynomials in Fq2 [x] of degree m > 0 with
nonzero constant term is qm + qm−1.
Proof. A monic polynomial of degree m, p(x) = xm + a1x
m−1 + · · · + am−1x + am ∈ Fq2 [x] with am 6= 0 is by
Proposition 3.3 self-dual if and only if
aqm(a1, a2, . . . , am−1, am) = (a
q
m−1, . . . , a
q
1, 1)
or, equivalently,
(3.6) aq+1m = 1 and (a1, . . . , am−1) = am(a
q
m−1, . . . , a
q
1)
Suppose first that m = 2k+ 1 is odd. There are q+ 1 elements am in Fq2 such that a
q+1
m = 1. For 1 ≤ j ≤ k, let aj
be any element of Fq2 and put am−j = ama
q
j . Then ama
q
m−j = a
q2
j = aj . This shows that the self-duality criterion
(3.6) has (q + 1)q2k = qm + qm−1 solutions. Suppose next that m = 2k is even. The coefficient am can again be
chosen in exactly q + 1 ways. For each j with 1 ≤ j ≤ k − 1, the coefficient aj can be chosen freely in Fq2 and we
let am−j = ama
q
j . There are q = (q − 1) + 1 possibilities for choosing the coefficient ak such that ak = amaqk as
aq+1m = 1. Thus the self-duality criterion (3.6) has (q + 1)q
2k−2q = qm + qm−1 solutions. 
Definition 3.7 (See Figure 1). For every integer d ≥ 1
• A(d)(q) is the number of irreducible monic polynomials of degree d over Fq with nonzero constant term
• A−(d)(q) is the number of self-dual irreducible monic polynomials of degree d over Fq2 with nonzero constant
term
• A+(d)(q) = 12 (A(d)(q2) − A−(d)(q)) is the number of pairs of non-self-dual irreducible monic polynomials
of degree d over Fq2 with nonzero constant term
For all d ≥ 1, A(d)(q2) = ∑d|n µ(n/d)(q2d − 1) (simplifying to A(d)(q2) = ∑d|n µ(n/d)q2d when d > 1).
Investigations of the ζ-functions for Fq[x] and Fq2 [x] lead to the identities [20, Chapter 2]
(3.8)
∏
d≥1
1
(1− xd)A(d)(q) =
1− x
1− qx ,
∏
d≥1
1
(1− xd)A(d)(q2) =
1− x
1− q2x
When d = 1, A(1)(q2) = q2 − 1 (represented by the polynomials x− λ, λ ∈ F×q2), A−(1)(q) = q + 1 (represented by
the polynomials x− λ, λ ∈ F×q2 , λ = λ−q) and A+(1)(q) = 12 (q2− 1− (q+ 1)) = 12 (q+ 1)(q− 2) (represented by the
pairs (x− λ, x− λ−q), λ ∈ F×q2 , λ 6= λ−q).
The next proposition shows among other things that self-dual polynomials have odd degrees, ie that A−(d)(q) = 0
for all even d.
Proposition 3.9. Let p(x) ∈ Fq2 [x] be a self-dual irreducible monic polynomial of degree m ≥ 1 over Fq2 with
p(0) 6= 0. Then m is odd and
p(x) =
∏
0≤j≤m−1
(x− λq2j )
where λ ∈ Fq2m , λqm+1 = 1, and all the elements λ, λq2 , . . . , λq2m−2 are distinct.
Proof. Let p(x) be a monic irreducible polynomial p(x) of degree m over Fq2 . The field Fq2m contains an element
λ such that
p(x) =
∏
0≤j≤m−1
(x− λq2j )
and all the elements λ, λq
2
, . . . , λq
2m−2
are distinct [15, Theorem 2.14]. By self-duality λ−q = λq
2k
for a unique
integer k with 0 ≤ k ≤ m− 1.
Assume first that p(x) has degree m = 2. The roots of p(x) are {λ, λq2} where λ−q equals λ or λq2 by self-duality.
In the first case, 1 = λλ−1 = λλq = λq+1 and λq
2−1 = (λq+1)q−1 = 1. In the second case, λq = λ−q
2
= (λ−q)q =
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(λq
2
)q = λq
3
and 1 = λq
3−q = (λq
2−1)q so λq
2−1 = 1 also here. In both cases, we have that λ, λq
2 ∈ F×q2 . Since this
contradicts irreducibility of p(x) over Fq2 , monic irreducible self-dual polynomials of degree 2 do not exist.
Assume next that m > 2. Since λq
2
= (λ−q)−q = λq
4k
it follows that m divides 2k−1 and is odd. Furthermore, k
equals 1 or 12 (m+ 1) as k is at most m−1. However, k = 1 implies λq
2
= λq
4k
= λq
4
contradicting that λq
2
and λq
4
are distinct when m ≥ 3. From 2k = m+ 1 we get λ−q = λq2k = λqm+1 , equivalently, λ−1 = λqm or λqm+1 = 1. 
Corollary 3.10. The function A−(d)(q) is given by∏
d≥1
(1 + xd
1− xd
)A−(d)(q)
=
(1 + x)(1 + qx)
(1− x)(1− qx)
Proof. Recall that if r is an factor of a self-dual monic polynomial p with p(0) 6= 0 then also r is an irreducible factor
of p. Thus any irreducible factor of the self-dual polynomial p is itself self-dual or r and r are distinct irreducible
factors of p. The sum∑
p ∈ Fq2 [x]
self-dual, monic, p(0) 6= 0
xdeg p
Cor. 3.5
= 1 +
∑
m≥1
(qm + qm−1)xm = 1 +
∑
m≥1
(qx)m + x
∑
m≥1
(qx)m−1 =
1 + x
1− qx
equals ∏
d≥1
(1 + xd + x2d + · · · )A−(d)(q)(1 + x2d + x4d + · · · )A+(d)(q))
and the square of the sum of equals∏
d≥1
(1 + xd + x2d + · · · )2A−(d)(q)(1 + x2d + x4d + · · · )A(d)(q2)−A−(d)(q)
=
∏
d≥1
(1 + xd + x2d + · · · )2A−(d)(q)
(1 + x2d + x4d + · · · )A−(d)(q) (1 + x
2d + x4d + · · · )A(d)(q2) (3.8)= 1− x
2
1− q2x2
∏
d≥1
(1− x2d)A−(d)(q)
(1− xd)2A−(d)(q)
=
1− x2
1− q2x2
∏
d≥1
(1 + xd)A
−(d)(q)
(1− xd)A−(d)(q) =
1− x2
1− q2x2
∏
d≥1
(1 + xd
1− xd
)A−(d)(q)
We have now showed that ∏
d≥1
(1 + xd
1− xd
)A−(d)(q)
=
(1 + x)2
(1− qx)2
1− q2x2
1− x2 =
(1 + x)(1 + qx)
(1− x)(1− qx)
which is the assertion of the corollary. 
Lemma 3.11. Let (an)n≥1, (bn)n≥1, and (cn)n≥1 be integer sequences such that∏
n≥1
(1 + xn
1− xn
)bn
= exp
(∑
n≥1
an
xn
n
)
= 1 +
∑
n≥1
cnx
n
Then
an = 2
∑
d|n
n/d odd
dbd, ncn =
∑
1≤k≤n
cn−kak
where it is understood that c0 = 1.
Proof. The first identity follows by equating coefficients in the identity∑
n≥1
anx
n = 2
∑
n≥1
nbn
∑
k≥0
x(2k+1)n
obtained by applying the operator x ddx log to the given identity exp(
∑
n≥1 an
xn
n ) =
∏
n≥1
(
1+xn
1−xn
)bn
. The second
identity follows from (
1 +
∑
n≥1
cnx
n
)(∑
n≥1
anx
n
)
=
∑
n≥1
ncnx
n
obtained by applying the operator x ddx to the given identity exp
(∑
n≥1 an
xn
n
)
= 1 +
∑
n≥1 cnx
n. 
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Proposition 3.12. For any odd integer n ≥ 1, A−(n)(q) = 1
n
∑
d|n
µ(n/d)(qd + 1).
Proof. We determine bn = A
−(n)(q) using Corollary 3.10 and Lemma 3.11. The right hand side, (1+x)(1+qx)(1−x)(1−qx) , of
the equation from Corollary 3.10 expands to 1 +
∑
n≥1 cnx
n where cn = 2q
n + 4qn−1 + · · ·+ 4q+ 2. The associated
polynomial sequence (ak)k≥1, determined by the recursion ncn =
∑
1≤k≤n akcn−k, is
ak =
{
2qk + 2 k odd
0 k even
To see this, write cn as cn = 4(q
n + · · ·+ q + 1)− (2qn + 2) for n ≥ 1. For odd n ≥ 1,∑
1≤k≤n
akcn−k = an + an−2c2 + · · ·+ a1cn−1
= (2qn+2)+4(2qn−2+2)(q2+q+1)+· · ·+4(2q+2)(qn−1+· · ·+q+1)−((2qn−2+2)(2q2+2)+· · ·+(2q+2)(2qn−1+2))
= (4n− 2)qn + 4(n+ 1)(qn−1 + · · ·+ q + 1) + (4n− 2)− ((2n− 2)qn + 4(qn−1 + · · ·+ q + 1) + (2n− 2))
= 2nqn + 4nqn−1 + · · ·+ 4nq + 2n = ncn
and for even n ≥ 1∑
1≤k≤n
akcn−k = an−1c1 + an−3c3 + · · ·+ a1cn−1
= 4(2qn−1 + 2)(q + 1) + 4(2qn−3 + 2)(q3 + q2 + q + 1) + · · ·+ 4(2q + 2)(qn−1 + · · ·+ q + 1)
− ((2qn−1 + 2)(2q + 2) + (2qn−3 + 2)(2q3 + 2) + · · ·+ (2q + 2)(2qn−1 + 2))
= (4nqn + 4(n+ 2)qn−1 + 4nqn−2 + · · ·+ 4(n+ 2)q + 4n)− (2nqn + 8qn−1 + 8qn−3 + · · ·+ 8q + 2n)
= 2nqn + 4nqn−1 + · · ·+ 4nq + 2n = ncn
From the first equation of Lemma 3.11 we get
nbn =
∑
d|n
n/d odd
µ(n/d)
ad
2
=
∑
d|n
n/d odd
µ(n/d)(qd + 1)
by number theoretic Mo¨bius inversion [11, Chp 2, §2, Theorem 2]. 
Corollary 3.13. The arithmetic functions A(n)(q) and A±(n)(q) of Definition 3.7 satisfy the relations
A−(n)(q) =

q + 1 n = 1
A(n)(q) n > 1 odd
0 n > 0 even
A+(n)(q) =
{
1
2q(q − 1)− 1 n = 1
A(2n)(q) n > 1
Proof. For n = 1, the A−(1)(q) = q + 1 self-dual irreducible monic polynomials are the polynomials x − λ with
λ ∈ Fq2 such that λq+1 = 1. For odd n > 1, Proposition 3.12 shows that A−(n)(q) = 1n
∑
d|n µ(n/d)q
d = A(n)(q),
the number of irreducible polynomials of degree n over Fq [20, Chapter 2, Corollary] [11, Theorem 3.25]. When
n > 1 is odd
A(2n)(q) =
1
2n
∑
D|2n
µ(2n/D)qD =
1
2n
∑
d|n
µ(n/d)q2d +
1
2n
∑
d|n
µ(2n/d)qd
=
1
2n
∑
d|n
µ(n/d)q2d − 1
2n
∑
d|n
µ(n/d)qd =
1
2
(A(n)(q2)−A(n)(q)) = A+(n)(q)
where we use that µ(2k) = −µ(k) for odd k ≥ 1. When n > 0 is even
A(2n)(q) =
1
2n
∑
D|2n
µ(2n/D)qD =
1
2n
∑
d|n
µ(n/d)q2d +
1
2n
∑
d|n
d odd
µ(2n/d)qd
?
=
1
2n
∑
d|n
µ(n/d)q2d =
1
2
A(n)(q2) = A+(n)(q)
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where we use that an even divisor of 2n has the form 2d for a divisor d of n, an odd divisor of 2n is a divisor of n,
and µ(2k) = 0 even k ≥ 2. 
4. Semi-simple classes of the general unitary group
Conjugacy classes in the general linear group GL+n (Fq) or the general unitary group GL
−
n (Fq) are classified by
functions from the set of irreducible polynomials in Fq[x] or Fq2 [x] to the set of partitions [5] [4, §2.1, §2.2] [7,
Proposition 1A].
An element of GL−n (Fq) is semisimple if it is diagonalizable over the algebraic closure of Fq [6, §1.4]. It was
observed in [23, §2] that the semisimple elements of GL−n (Fq) are precisely the q-regular elements (the elements of
order prime to q). A semisimple class or q-regular in GL−n (Fq) is the conjugacy class of a semisimple (= q-regular)
element.
Corollary 4.1. GL±n (Fq) contains exactly q
n ∓ qn−1 q-regular classes for any n ≥ 1. Two q-regular elements of
GL±n (Fq) are conjugate in GL
±
n (Fq) if and only if their characteristic polynomials are identical.
Proof. The second statement is an immediate consequence of the classification of q-regular classes in GL−n (Fq)
mentioned above. The number of q-regular classes in GL−n (Fq) is the number of degree n self-dual monic polynomials
in Fq2 [x] which by Corollary 3.5 equals q
n + qn−1. The number of q-regular classes in GL+n (Fq) is q
n− qn−1 by [23,
Theorem 2.1]. 
Lemma 4.2. For n > 1, the poset CL−n (Fq)∗(g) is CGL−n (Fq)(g)-contractible unless g ∈ GL−n (Fq) is q-regular.
Proof. This is proved in [29, §4] once we recall Quillen’s identification [19] of L−n (Fq)∗ with the Brown poset of
nontrivial p-subgroups of GL−n (Fq) where p is the characteristic of Fq. 
The next lemma, similar to [18, Corollary 2.4], facilitates a recursive approach to the equivariant Euler charac-
teristics χ˜r(GL
−
n (Fq)).
Lemma 4.3. For n > 1 and r ≥ 1, the (r+ 1)th equivariant Euler characteristic of the GL−n (Fq)-poset L−n (Fq)∗ is
χ˜r+1(GL
−
n (Fq)) =
∑
[g]∈[GL−n (Fq)]
GCD(q,|g|)=1
χ˜r(CL−n (Fq)∗(g), CGL−n (Fq)(g))
where the contribution from the q-regular class g with characteristic polynomial
∏
r
m−i
i ×
∏
j(sj s¯j)
m+j is given by
−χ˜r(CL−n (Fq)∗(g), CGL−n (Fq)(g)) =
∏
i
−χ˜r(GL−m−i (Fqd−i ))×
∏
j
+χ˜r(GL
+
m+j
(F
q
2d
+
j
))
for deg ri = d
−
i , deg sj = d
+
j and
∑
im
−
i d
−
i +
∑
j 2m
+
j d
+
j = n.
Proof. View the n-dimensional unitary geometry V as an Fq2 [x]-module via the action of g. Since g is semisimple
the Fq2 [x]-module V is
V =
⊕
ri=r¯i
ker(ri(g))⊕
⊕
sj 6=s¯j
ker(sj(g))⊕ker(s¯j(g)) =
⊕
ri=r¯i
(Fq2 [x]/(ri(x)))
m−i ⊕
⊕
sj 6=s¯j
(Fq2 [x]/(sj(x))⊕Fq2 [x]/(s¯j(x)))m
+
j
The direct summands, ker ri(g) and ker(sj(g)) ⊕ ker(s¯j(g)), in this decomposition of V are pairwise orthogonal.
For example, let ri1 and ri2 be two distinct self-dual irreducible factors of the characteristic polynomial. For
v1 ∈ ker(ri1(g)) and v2 ∈ ker(ri2(g)), the inner products 〈r
m−i2
i2
(g)v1, v2〉 and 〈gd
−
i2
m−i2 v1, r
m−i2
i2
(g)v2〉 = 0 agree up
to a nonzero scalar by (3.4). Since r
m−i2
i2
(g) defines an automorphism of ker(ri1(g)), this shows that ker(ri1(g)) ⊥
ker(ri2(g)). Similarly, ker(si(g)) ⊥ (ker(rj(g))⊕ker(r¯j(g))) and ker(rj1(g)) ⊥ (ker(rj2(g))⊕ker(r¯j2(g))) for distinct
factors rj1 and rj2 . Thus all summands ker ri(g) and ker(sj(g))⊕ ker(s¯j(g)) are nondegenerate unitary geometries.
The centralizer of g in the general unitary group of V is the group [28] [7, Proposition 1A] [4, Lemma 2.3] [25,
Lemma 3.3]
CGL−(V )(g) =
∏
i
GL−
m−i
(F
qd
−
i
)×
∏
j
GL+
m+j
(F
q
2d
+
j
)
of unitary Fq2 [x]-automorphisms and the centralizer of g in the poset of totally isotropic subspaces of V is the poset
CL−(V )(g) =
∏
i
L−(ker ri(g))×
∏
j
L−(ker(sj(g))⊕ ker(s¯j(g)))
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of totally isotropic Fq2 [x]-subspaces. The representation of GL
−
m−i
(F
qd
−
i
) in ker(si(g)) ∼= Fm
−
i
q2d
−
i
is standard. We
now turn to the representation of GL+
m+j
(F
q
2d
+
j
) in ker(sj(g))⊕ ker(s¯j(g)) ∼= (F
q
2d
+
j
⊕F
q
2d
+
j
)m
+
j = F
2m+j
q
2d
+
j
described
in [7, §1, p 112, 1)].
The Kleidman–Liebeck Theorem [13] [30, Theorem 3.9] lists certain natural subgroups of the general unitary
groups. The unitary 2m-geometry V2m(Fq2) over Fq2 has a basis e1, . . . , em, f1, . . . , fm such that 〈ei, fi〉 = 1,
1 ≤ i ≤ m, are the only nonzero Hermitian inner products between the basis vectors [13, Proposition 2.3.2]. Write
V2m(Fq2) = V1 ⊕ V2 as the direct sum of the two maximal totally isotropic subspaces V1 and V2 spanned by
e1, . . . , em, and f1, . . . , fm, respectively. The representation of GL
+
m(Fq2) in GL
−
2m(Fq) given by
GL+m(Fq2) 3 A→
(
A 0
0 A−1αt
)
∈ GL−2m(Fq)
stabilizes the direct sum decomposition V = V1 ⊕ V2 [13, Lemma 4.1.9, Table 4.2.A, Lemma 4.2.3]. (The matrix
A−1αt is the conjugate-transpose of the inverse of A so that 〈Av1, A−1αtv2〉 = 〈A−1Av1, v2〉 = 〈v1, v2〉 for v1 ∈ V1,
v2 ∈ V2.) The stabilizer of g in the poset of totally isotropic subspaces of V2m(Fq2) is the GL+m(Fq)-poset of pairs
of orthogonal subspaces
Σ L+m(Fq2) = {(U1, U2) | U1 ≤ V1, U2 ≤ V2, U1 ⊥ U2}
The subposet Σ L+m(Fq2)
∗, obtained from Σ L+m(Fq2) by removing the pair (0, 0), is GL
+
m(Fq)-homotopy equivalent
to the suspension [26, §3] of L+m(Fq2)∗: Let {1, 2} be the discrete poset of two incomparable points. The two
GL+m(Fq)-poset morphisms
{1, 2} ∗ L+m(Fq2)∗ Σ L+m(Fq2)∗
f
g
given by f(1, U) = (U, 0), f(2, U) = (0, U), and
g(U1, U2) =
{
(1, U1) U1 6= 0
(2, U2) U1 = 0
are homotopy equivalences as gf is the identity of the suspension of L+m(Fq2)
∗ and fg is homotopic to the identity
of Σ L+m(Fq2)
∗ as fg(U1, U2) ≤ (U1, U2). By the product formula in Lemma 4.4,
−χ˜r(Σ L+m(Fq2)∗,GL+m(Fq2)) = −χ˜r({1, 2} ∗ L+m(Fq2)∗,GL+m(Fq2)) = χ˜r(L+m(Fq2)∗,GL+m(Fq2))
and the formula of the lemma is a consequence of the product formula in Lemma 4.5. 
Observe that the contribution of a q-regular class depends only on the multiplicities and degrees of the irreducible
factors of its characteristic polynomial.
4.1. Equivariant reduced Euler characteristics of products.
Lemma 4.4. −χ˜(P1 ∗ · · · ∗ Pt) =
∏
1≤i≤t−χ˜(Pi) for finitely many finite posets P1, . . . , Pt.
Proof. The join P ∗Q, of the finite posets P and Q, is the poset P ∐Q where all elements of P are < all elements of
Q. The n-simplices of the join are n-simplices of P , i simplices of P joined to j-simplices of Q where i+ j = n− 1,
and n-simplices of Q. Alternatively, when we regard a poset as having a single cell ∅ in degree −1, the n-simplices
of the join are all i-simplices of P joined to all j-simplices of Q where i + j = n − 1. In other words cn(P ∗ Q) =∑
i+j=n−1 ci(P )cj(Q), where cn stands for the number of n-simplices. The reduced Euler characteristic of the join
is
− χ˜(P ∗Q) =
∑
n≥−1
(−1)n−1cn(P ∗Q) =
∑
n≥−1
∑
i+j=n−1
(−1)ici(P )(−1)jcj(Q) =
∑
i≥−1
ci(P )
∑
j≥−1
cj(Q)
= χ˜(P )χ˜(Q) = (−χ˜(P ))(−χ˜(Q))
Proceeding by induction we get the formula for the reduced Euler characteristic of finite joins of finite posets. 
For a finite poset P with a least element 0̂, let P ∗ = P − {0̂} be the induced subposet obtained by removing 0̂
from P . Let Gi be finite groups and Pi finite Gi-posets with least elements indexed by the finite set I. The product
poset
∏
i∈I Pi is a finite
∏
i∈I Gi-poset with a least element.
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Lemma 4.5. The classical and the equivariant Euler characteristics of the
∏
i∈I Gi-poset
(∏
i∈I Pi
)∗
are given by
−χ˜
((∏
i∈I
Pi
)∗)
=
∏
i∈I
−χ˜(P ∗i ), −χ˜r
((∏
i∈I
Pi
)∗
,
∏
i∈I
Gi
)
=
∏
i∈I
−χ˜r(P ∗i , Gi)
where r ≥ 1.
Proof. If P1 and P2 are finite posets with least elements then Lemma 4.4 implies−χ˜((P1×P2)∗) = (−χ˜(P ∗1 ))(−χ˜(P ∗2 ))
because (P1 × P2)∗ = (P1 × P2)>(0̂,0̂) = (P1)>0 ∗ (P2)>0 = P ∗1 ∗ P ∗2 by [19, Proposition 1.9] [27, Theorem 5.1.(c)].
The general formula for the classical Euler characteristic follows by induction over the cardinality of the index set
I. Proceed exactly as in [18, Lemma 2.3] to obtain the formula for the equivariant Euler characteristics 
5. Computation of the generating functions FGL−r (x)
We use Lemma 4.3 in an inductive computation of the generating functions (1.2). The next proposition gives
the start of the induction.
Proposition 5.1. Suppose that r = 1 or n = 1.
(1) When r = 1, −χ˜1(GL−n (Fq)) = δ1,n is 1 for n = 1 and 0 for all n > 1.
(2) When n = 1, −χ˜r(GL−1 (Fq)) = (q + 1)r−1 for all r ≥ 1.
Proof. When n = 1, L−1 (Fq)
∗ = ∅ is empty. Since χ˜(∅) = −1, the rth equivariant Euler characteristic is
−χ˜r(GL−1 (Fq)) = |Hom(Zr,GL−1 (Fq))|/|GL−1 (Fq)| = |GL−1 (Fq)|r−1 = (q + 1)r−1
for all r ≥ 1.
The first equivariant reduced Euler characteristic of χ˜1(GL
−
n (Fq)), where n > 1, is the classical Euler character-
istic of the orbit space BL−n (Fq)
∗/GL−n (Fq) for the GL
−
n (Fq)-action on the building, the classifying space of the
poset L−n (Fq)
∗ [16, Proposition 2.13]. According to Quillen we can replace L−n (Fq)
∗ by the Brown poset Sp+∗
GL−n (Fq)
of
nontrivial p-subgroups of GL−n (Fq) [19, Theorem 3.1] where p is the characteristic of the field Fq. Webb’s theorem
[29, Proposition 8.2.(i)] applies to this replacement showing χ˜1(GL
−
n (Fq)) = χ˜
(
BL−n (Fq)
∗/GL−n (Fq)
)
= 0. 
Definition 5.2. Mn = {(λ−, λ+)} is the set of all pairs (λ−, λ+) of (possibly empty) multisets of integer pairs
λ− = (m−1 , d
−
1 )
e(m−1 ,d
−
1 ) · · · (m−s , d−s )e(m
−
s ,d
−
s ) and λ+ = (m+1 , d
+
1 )
e(m+1 ,d
+
1 ) · · · (m+t , d+t )e(m
+
t ,d
+
t )
such that n =
∑
1≤i≤s(m
−
i d
−
i )e(m
−
i , d
−
i ) + 2
∑
1≤j≤t(m
+
j d
+
j )e(m
+
j , d
+
j ) and d
−
1 , . . . , d
−
s are odd.
The first four Mn sets are
M1 = {({(1, 1)}, ∅)}(5.3)
M2 = {({(2, 1)}, ∅), ({(1, 1)2}, ∅), (∅, {(1, 1)})}(5.4)
M3 = {({(3, 1)}, ∅), ({(1, 3)}, ∅), ({(1, 1), (2, 1)}, ∅), ({(1, 1)3}, ∅), ({(1, 1)}, {(1, 1)})}(5.5)
M4 = {({(4, 1)}, ∅), ({(2, 1)2}, ∅), ({(1, 1)4}, ∅), ({(1, 1)2, (2, 1)}, ∅), ({(1, 1), (3, 1)}, ∅), ({(1, 1), (1, 3)}, ∅),(5.6)
(∅, {(2, 1)}), (∅, {(1, 2)}), (∅, {(1, 1)2}), ({(2, 1)}, {(1, 1)}), ({(1, 1)2}, {(1, 1)})}
Definition 5.7. The T±-transform of the polynomial sequence a = (a(n))n≥1 is the polynomial sequence T±(a)
with nth term
T±(a)(n) =
∑
(λ−,λ+)∈Mn∏
d−
∃m− : (m−,d−)e(m−,d−)∈λ−
(
A−(d−)(q)
[e(m−, d−) : (m−, d−)e(m−,d−) ∈ λ−]
) ∏
(m−,d−)e(m−,d−)∈λ−
a(m−)(qd
−
)e(m
−,d−)
∏
d+
∃m+ : (m+,d+)e(m+,d+)∈λ+
(
A+(d+)(q)
[e(m+, d+) : (m+, d+)e(m+,d+) ∈ λ+]
) ∏
(m+,d+)e(m+,d+)∈λ+
((±1)m+a(m+)(−q2d+))e(m+,d+)
The T±-transform of the power series F (x) = 1+
∑
n≥1 a(n)x
n with constant term 1 is the power series T±(F )(x) =
1 +
∑
n≥1 T
±(a)(n)xn.
10 JESPER M. MØLLER
By construction
(5.8) T±(F )(x) =
∏
d−≥1
(1 +
∑
n≥1
a(n)(qd
−
)xnd
−
)A
−(d−)(q)
∏
d+≥1
(1 +
∑
n≥1
(±1)na(n)(−q2d+)x2nd+)A+(d+)(q)
and it follows that the T±-transform is multiplicative, T±(F1F2) = T±(F1)T±(F2), and that T±(F (qx)) =
T∓(F (x))(qx).
Lemma 5.9. T+(1− x) = 1− qx
1 + x
and T−(1 + x) =
1 + qx
1− x .
Proof. By (5.8) the T+-transform of 1− x is
T+(1− x) =
∏
d−≥1
(1− xd−)A−(d−)(q)
∏
d+≥1
(1− x2d+)A+(d+)(q)
Cor 3.13
= (1− x)2
∏
d−≥1
d− odd
(1− xd−)A(d−)(q)(1− x2)−1
∏
d+≥1
(1− x2d+)A(2d+)(q) = 1− x
1 + x
∏
d≥1
(1− xd)A(d)(q) (3.8)= 1− qx
1 + x
Similarly, the T−-transform of 1 + x is
T−(1 + x) =
∏
d−≥1
(1 + xd
−
)A
−(d−)(q)
∏
d+≥1
(1− x2d+)A+(d+)(q)
Cor 3.13
= (1 + x)2
∏
d−≥1
d− odd
(1 + xd
−
)A(d
−)(q)(1− x2)−1
∏
d+≥1
(1− x2d+)A(2d+)(q)
=
1 + x
1− x
∏
d−≥1
d− odd
(1− (−x)d−)A(d−)(q)
∏
d+≥1
(1− (−x)2d+)A(2d+)(q)
=
1 + x
1− x
∏
d≥1
(1− (−x)d)A(d)(q) (3.8)= 1 + qx
1− x
This finishes the proof of the lemma. 
Proof of Theorem 1.3. The first generating function (1.5) is FGL−1 (x) = 1 + x by Proposition 5.1.(1) . For r ≥ 1
(5.10) − χ˜r+1(GL−n (Fq)) =
∑
(λ−,λ+)∈Mn∏
d−
∃m− : (m−,d−)e(m−,d−)∈λ−
(
A−(d−)(q)
[e(m−, d−) : (m−, d−)e(m−,d−) ∈ λ−]
) ∏
(m−,d−)e(m−,d−)∈λ−
(−χ˜r(GL−m−(Fqd− )))e(m
−,d−)
∏
d+
∃m+ : (m+,d+)e(m+,d+)∈λ+
(
A+(d+)(q)
[e(m+, d+) : (m+, d+)e(m+,d+) ∈ λ+]
) ∏
(m+,d+)e(m+,d+)∈λ+
χ˜r(GL
+
m+(Fq2d+ ))
e(m+,d+)
by Lemma 4.3 and hence FGL−r+1(x) = T
+(FGL−r (x)) for odd r ≥ 1 and FGL−r+1(x) = T−(FGL−r (x)) for even r ≥ 2.
Thus FGL−2 (x) = T
−(1 + x) = 1+qx1−x and then FGL
−
3 (x) = T
+(1 + x) = T
+(1+qx)
T+(1−x) =
T−(1+x)(qx)
T+(1−x) =
(1+q2x)(1+x)
(1−qx)2 by
Lemma 5.9 combined with (1.5). Proceeding by induction, we conclude that
FGL−r+1(x) =
∏
0≤j≤r
(1 + (−1)jqr−jx)(−1)j(rj)
as stated in the theorem. We establish (1.5) inductively as we go along. 
Proposition 5.11. The integral polynomial χ˜r(GL
−
n (Fq)) ∈ Z[q], r, n ≥ 1, is divisible by (q+ 1)r−1 for even r and
by (q + 1)r−1qn−1 for odd r.
Proof. This follows from (1.5) and [18, Corollary 4.1–4.2] 
Empirical evidence suggests that the quotient of χ˜r(GL
−
n (Fq)) by (q+ 1)
r−1 for even r or (q+ 1)r−1qn−1 for odd
r is irreducible when n > 2.
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Example 5.12 (n = 2). Lemma 4.3 uses M2 (5.4) to express −χ˜r+1(GL−2 (Fq)) as the sum(
A−(1)(q)
1
)
(−χ˜r(GL−2 (Fq))) +
(
A−(1)(q)
2
)
(−χ˜r(GL−1 (Fq)))2 +
(
A+(1)(q)
1
)
(+χ˜r(GL
+
1 (Fq2)))
= (q + 1)(−χ˜r(GL−2 (Fq))) +
1
2
(q + 1)q(q + 1)2(r−1) − 1
2
(q + 1)(q − 2)(q2 − 1)r−1
of the corresponding 3 terms. As χ˜1(GL
−
2 (Fq)) = 0 by Proposition 5.1 we get that −χ˜r(GL−2 (Fq))/(q+1)r−1 equals
1, 2q, 3q2 + 1, 4q(q2 + 1), 5q4 + 10q2 + 1
for r = 2, . . . , 6.
Example 5.13 (n = 3). Lemma 4.3 uses M3 (5.5) to express −χ˜r+1(GL−3 (Fq)) as the sum(
A−(1)(q)
1
)
(−χ˜r(GL−3 (Fq))) +
(
A−(3)(q)
1
)
(−χ˜r(GL−1 (Fq3))) +
(
A−(1)(q)
1, 1
)
(−χ˜r(GL−1 (Fq)))(−χ˜r(GL−2 (Fq)))
+
(
A−(1)(q)
3
)
(−χ˜r(GL−1 (Fq)))3 +
(
A−(1)(q)
1
)
(−χ˜r(GL−1 (Fq)))
(
A+(1)(q)
1
)
(+χ˜r(GL
+
1 (Fq2))) =
(q + 1)(−χ˜r(GL−3 (Fq))) +
1
3
(q3 − q)(q3 + 1)r−1 + q(q + 1)r(−χ˜r(GL−2 (Fq)))
+
1
6
(q + 1)q(q − 1)(q + 1)3(r−1) − 1
2
(q + 1)(q2 − q − 2)(q + 1)r−1(q2 − 1)r−1
of the corresponding 5 terms. As χ˜1(GL
−
3 (Fq)) = 0 by Proposition 5.1 and −χ˜r(GL−2 (Fq)) is known from Exam-
ple 5.12 we get that −χ˜r(GL−3 (Fq))/(q + 1)r−1 equals
1, 3q2, 6q4 + q3 + 3q2 + 1, q2(10q4 + 4q3 + 15q2 + 4q+ 10), 15q8 + 10q7 + 45q6 + 25q5 + 55q4 + 10q3 + 10q2 + 1
for r = 2, . . . , 6.
Example 5.14. For r = 1, 2, 3, 4 the first polynomials −χ˜r(GL−n (Fq)) ∈ Z[q] are
(−χ˜2(GL−n (Fq))/(q + 1))n≥1 = (1, 1, 1, . . .)
(−χ˜3(GL−n (Fq))/qn−1(q + 1)2)n≥1 = (1, 2, 3, 4, . . .)
and the polynomials −χ˜4(GL−n (Fq))/(q + 1)3 for 1 ≤ n ≤ 10 are
1
3q2 + 1
6q4 + q3 + 3q2 + 1
10q6 + 3q5 + 6q4 + q3 + 3q2 + 1
15q8 + 6q7 + 10q6 + 3q5 + 6q4 + q3 + 3q2 + 1
21q10 + 10q9 + 15q8 + 6q7 + 10q6 + 3q5 + 6q4 + q3 + 3q2 + 1
28q12 + 15q11 + 21q10 + 10q9 + 15q8 + 6q7 + 10q6 + 3q5 + 6q4 + q3 + 3q2 + 1
36q14 + 21q13 + 28q12 + 15q11 + 21q10 + 10q9 + 15q8 + 6q7 + 10q6 + 3q5 + 6q4 + q3 + 3q2 + 1
45q16 + 28q15 + 36q14 + 21q13 + 28q12 + 15q11 + 21q10 + 10q9 + 15q8 + 6q7 + 10q6 + 3q5 + 6q4 + q3 + 3q2 + 1
55q18 + 36q17 + 45q16 + 28q15 + 36q14 + 21q13 + 28q12 + 15q11 + 21q10 + 10q9 + 15q8 + 6q7 + 10q6 + 3q5 + 6q4 + q3 + 3q2 + 1
6. Polynomial identities
The first polynomial identity, similar to [23, Theorem A], expresses the number of q-regular classes in GL−n (Fq)
in two different ways.
Corollary 6.1. For n ≥ 1
qn + qn−1 =
∑
(λ−,λ+)∈Mn
∏
d−
∃m− : (m−,d−)e(m−,d−)∈λ−
(
A−(d−)(q)
[e(m−, d−) : (m−, d−)e(m−,d−) ∈ λ−]
)
∏
d+
∃m+ : (m+,d+)e(m+,d+)∈λ+
(
A+(d+)(q)
[e(m+, d+) : (m+, d+)e(m+,d+) ∈ λ+]
)
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Proof. The number, qn + qn−1, of q-regular classes of GL−n (Fq) (Corollary 4.1) is the number of polynomials of the
form ∏
i
r
m−i
i ×
∏
j
(sj s¯j)
m+j
where the ri are self-dual irreducible polynomial of degree d
−
i , sj are non-self-dual irreducible polynomials of degree
d+j and
∑
m−i d
−
i + 2
∑
m+j d
+
j = n (Definition 5.2). 
Example 6.2. Special cases of the polynomial identities from Corollary 6.1 are
q + 1 =
(
A−(1)
1
)
q2 + q =
(
A−(1)
1
)
+
(
A−(1)
2
)
+
(
A+(1)
1
)
q3 + q2 =
(
A−(1)
3
)
+
(
A−(1)
1, 1
)
+
(
A−(3)
1
)
+
(
A−(1)
1
)
+
(
A−(1)
1
)(
A+(1)
1
)
q4 + q3 =
(
A−(1)
2
)
+
(
A+(2)
1
)
+
(
A−(1)
1
)(
A+(1)
1
)
+
(
A+(1)
2
)
+
(
A−(1)
1, 1
)
+
(
A−(1)
2
)(
A+(1)
1
)
+
(
A−(1)
2, 1
)
+
(
A−(1)
4
)
+
(
A−(1)
1
)
+
(
A+(1)
1
)
+
(
A−(1)
1
)(
A−(3)
1
)
for n = 1, 2, 3, 4.
The second polynomial identity, a restatement of (5.10), relates the equivariant reduced Euler characteristics
±χ˜r+1(GL±(n,Fq)) and the arithmetic functions A±(n)(q) of Definition 3.7.
Corollary 6.3. For every r ≥ 0 and n ≥ 1 we have∑
n0+···+nr+1=n
∏
0≤j≤r+1
(−1)jnj
(
(−1)j(r+1j )
nj
)
qnj(r+1−j) =
∑
(λ−,λ+)∈Mn∏
d−
∃m− : (m−,d−)e(m−,d−)∈λ−
(
A−(d−)(q)
[e(m−, d−) : (m−, d−)e(m−,d−) ∈ λ−]
)
∏
(m−,d−)e(m−,d−)∈λ−
( ∑
n0+···+nr=m−
∏
0≤j≤r
(−1)jnj
(
(−1)j(rj)
nj
)
qd
−nj(r−j)
)e(m−,d−)
∏
d+
∃m+ : (m+,d+)e(m+,d+)∈λ+
(
A+(d+)(q)
[e(m+, d+) : (m+, d+)e(m+,d+) ∈ λ+]
)
∏
(m+,d+)e(m+,d+)∈λ+
( ∑
n0+···+nr=m+
∏
0≤j≤r
(−1)nj
(
(−1)j(rj)
nj
)
q2d
+nj(r−j)
)e(m+,d+)
where
∑
n0+···+nr=m
denotes a sum ranging over all the
(
m+r
r
)
weak compositions of m into r + 1 parts [21, p 25].
Proof. This is obtained from (5.10) with r replaced by r + 1 by inserting the expressions for ±χ˜r+1(GL±(n,Fq))
from (1.4) and [18, Corollary 4.3]. 
Example 6.4. We consider Corollary 6.3 with r = 0, 1, 2.
r = 1: For any n ≥ 1
q + 1 =
∑
λ−=(d−1 )
e
−
1 ···(d−s )e
−
s ,λ+=(d+1 )
e
+
1 ···(d+t )e
+
t∑
d−i e
−
i +2
∑
d+j e
+
j =n, d
−
i odd
∏
1≤i≤s
(
A−(di)
e−i
) ∏
1≤j≤t
(−1)e+j
(
A+(dj)
e+j
)
as the left hand side −χ˜2(GL−n (Fq)) = q + 1 and only terms with m−i = 1 or m+j = 1 will contribute to the right
hand side by Proposition 5.1.(1) and [18, Proposition 2.1.(1)]. The sum ranges over all pairs (λ−, λ+) of multisets
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λ− = (d−1 )
e−1 · · · (d−s )e
−
s , λ+ = (d+1 )
e+1 · · · (d+t )e
+
t such that
∑
d−i e
−
i + 2
∑
d+j e
+
j = n and the d
−
i are odd. Taking
n = 2, 3, 4, 5 and referring to (5.4)–(5.6) we get
q + 1 =
(
A−(1)
2
)
−
(
A+(1)
1
)
=
(
A−(3)
1
)
+
(
A−(1)
3
)
−
(
A−(1)
1
)(
A+(1)
1
)
=(
A−(1)
4
)
+
(
A−(1)
1
)(
A−(3)
2
)
−
(
A−(1)
2
)(
A+(1)
1
)
−
(
A+(2)
1
)
+
(
A+(1)
2
)
=(
A−(5)
1
)
+
(
A−(1)
5
)
+
(
A−(1)
2
)(
A−(3)
1
)
−
(
A−(1)
1
)(
A+(2)
1
)
−
(
A−(1)
3
)(
A+(1)
1
)
−
(
A−(3)
1
)(
A+(1)
1
)
+
(
A−(1)
1
)(
A+(1)
2
)
This r = 1 case of Corollary 6.3 is similar to [23, Theorem B].
r = 2: For any n ≥ 1
nqn−1(q + 1)2 =
∑
(λ−,λ+)∈Mn∏
d−
∃m− : (m−,d−)e(m−,d−)∈λ−
(
A−(d−)(q)
[e(m−, d−) : (m−, d−)e(m−,d−) ∈ λ−]
) ∏
(m−,d−)e(m−,d−)∈λ−
(1 + qd
−
)e(m
−,d−)
∏
d+
∃m+ : (m+,d+)e(m+,d+)∈λ+
(
A+(d+)(q)
[e(m+, d+) : (m+, d+)e(m+,d+) ∈ λ+]
) ∏
(m+,d+)e(m+,d+)∈λ+
(1− q2d+)e(m+,d+)
as −χ˜3(GL−n (Fq)) = nqn−1(q + 1)2, −χ˜2(GL−m−(Fqd− )) = 1 + qd
−
, and χ˜2(GL
+
m+(Fq2d+ )) = 1 − q2d
+
. Taking
n = 2, 3, 4 and referring to (5.4)–(5.6) we get
2q3 + 4q2 + 2q =
(
A−(1)
1
)
(1 + q) +
(
A−(1)
2
)
(1 + q)2 +
(
A+(1)
1
)
(1− q2)
3q4 + 6q3 + 3q2 =
(
A−(1)
3
)
(1 + q)3 +
(
A−(3)
1
)
(1 + q3) +
(
A−(1)
1
)
(1 + q) +
(
A−(1)
1, 1
)
(1 + q)2
+
(
A−(1)
1
)
(1 + q)
(
A+(1)
1
)
(1− q2)
4q5 + 8q4 + 4q3 =
(
A−(1)
4
)
(1 + q)4 +
(
A−(1)
2
)
(1 + q)2 +
(
A−(1)
1
)
(1 + q) +
(
A−(1)
1, 1
)
(1 + q)2 +
(
A−(1)
2, 1
)
(1 + q)3
+
(
A−(1)
1
)
(1 + q)
(
A−(3)
1
)
(1 + q3) +
(
A+(1)
2
)
(1− q2)2 +
(
A+(1)
1
)
(1− q2) +
(
A+(2)
1
)
(1− q4)
+
(
A−(1)
2
)
(1 + q)2
(
A+(1)
1
)
(1− q2) +
(
A−(1)
1
)
(1 + q)
(
A+(1)
1
)
(1− q2)
r = 3, n = 2, 3:
3q5 + 9q4 + 10q3 + 6q2 + 3q + 1 =
(
A−(1)
1
)
(2q3 + 4q2 + 2q) +
(
A−(1)
2
)
(q2 + 2q + 1)2 +
(
A+(1)
1
)
(−q4 + 2q2 − 1)
6q7 + 19q6 + 24q5 + 18q4 + 11q3 + 6q2 + 3q + 1 =
(
A−(1)
3
)
(q + 1)6 +
(
A−(3)
1
)
(q3 + 1)2
+
(
A−(1)
1
)
(3q4 + 6q3 + 3q2) +
(
A−(1)
1, 1
)
(q + 1)2(2q3 + 4q2 + 2q) +
(
A−(1)
1
)
(q + 1)2
(
A+(1)
1
)
(−q4 + 2q2 − 1)
Corollary 6.3 gets more complicated with increasing parameters r and n.
I am not aware of any purely combinatorial proofs of Corollaries 6.1 and 6.3.
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7. Primary equivariant reduced Euler characteristics
Let p be a prime and, as in the previous sections, q a prime power. (The prime p may or may not divide the prime
power q.) In this section we discuss the p-primary equivariant reduced Euler characteristics of the GL−n (Fq)-poset
L−n (Fq)
∗.
Definition 7.1. [22, (1-5)] The rth p-primary equivariant reduced Euler characteristic of the GL+n (Fq)-poset
L−n (Fq)
∗ is the normalized sum
χ˜pr(GL
−
n (Fq)) =
1
|GL+n (Fq)|
∑
X∈Hom(Z×Zr−1p ,GL−n (Fq))
χ˜(CL−n (q)∗(X(Z× Zr−1p )))
of reduced Euler characteristics.
In this definition, where Zp denotes the ring of p-adic integers, the sum ranges over all commuting r-tuples
(X1, X2, . . . , Xr) of elements of GL
−
n (Fq) such that the elements X2, . . . , Xr have p-power order. The first p-
primary equivariant reduced Euler characteristic is independent of p and agrees with the first equivariant reduced
Euler characteristic.
The rth p-primary generating function at q is the integral power series
(7.2) FpGL−r+1(x)(q) = 1−
∑
n≥1
χ˜pr(GL
−
n (Fq))x
n ∈ Z[[x]]
associated to the sequence (−χ˜pr(GL−n (Fq)))n≥1 of the negative of the p-primary equivariant reduced Euler charac-
teristics.
The rth p-primary equivariant unreduced Euler characteristic χpr(GL
−
n (Fq)) agrees with the Euler characteristic
of the homotopy orbit space BL−n (Fq)
∗
hGL−n (Fq)
computed in Morava K(r)-theory at p [9] [17, Remark 7.2] [22, 2-3,
5-1].
The proof of the following theorem goes along the same lines as that of [18, Theorem 1.6]. We write mp for the
p-part of the integer m, the highest power of p dividing m.
Theorem 7.3. The rth p-primary generating function at q is
FpGL−r+1(x)(q) = exp
(∑
n≥1
(−1)n+1(qn − (−1)n)rp
xn
n
)
for any r ≥ 0.
When p divides q, FpGL−r+1(x)(q) = exp(
∑
n≥1(−1)n+1xn/n) = exp(log(1 + x)) = 1 + x for all r ≥ 1 and thus
−χ˜pr(GL−1 (Fq)) = 1 while −χ˜pr(GL−n (Fq)) = 0 for n > 1. When p does not divide q, FpGL−r (x)(q) depends only
on the closure 〈q〉 of the cyclic subgroup generated by q in the topological group Z×p of p-adic units. For instance,
all 2-primary generating functions F2GL
−
r (q) are covered by taking q = ±32
e
for some e ≥ 0 and all 3-primary
generating functions F3GL
−
r (q) are covered by q = 2
3e , 43
e
, e ≥ 0 [3, Lemma 1.11]. Figures 3 and 4 contain some
concrete numerical values of second and third primary equivariant reduced Euler characteristics.
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8. Tables
1
6
J
E
S
P
E
R
M
.
M
Ø
L
L
E
R
−χ˜r(GL−n (F2)) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6
r = 1 1 0 0 0 0 0
2 3 3 3 3 3 3
3 9 36 108 288 720 1728
4 27 351 3159 23031 147447 866295
5 81 3240 87480 1826064 31833648 486808704
6 243 29403 2381643 146295963 7312400955 311364451899
7 729 265356 64481508 11797401168 1737461438496 215022264377472
8 2187 2390391 1742595039 954029264751 418750612340175 153622792013154831
9 6561 21520080 47064414960 77232074988384 101464362907024032 111196793301446665728
10 19683 193700403 1270868344083 6254569041419763 24631600235268038067 80864415095481249942195
−χ˜r(GL−n (F3)) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6
r = 1 1 0 0 0 0 0
2 4 4 4 4 4 4
3 16 96 432 1728 6480 23328
4 64 1792 34624 547840 7686208 99645184
5 256 30720 2476800 156155904 8354389248 398285973504
6 1024 507904 167916544 42412539904 8835757941760 1594131378454528
7 4096 8257536 11077005312 11229607231488 9241842580475904 6466592653901955072
8 16384 133169152 720325525504 2930658519285760 9602002445280231424 26472493990104785747968
−χ˜r(GL−n (F4)) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6
r = 1 1 0 0 0 0 0
2 5 5 5 5 5 5
3 25 200 1200 6400 32000 153600
4 125 6125 206125 5710125 140878125 3221070125
5 625 170000 30820000 4396160000 536620000000 58811402240000
6 3125 4503125 4286503125 3130866503125 1903169845703125 1012057046018503125
7 15625 116375000 571933250000 2128587804000000 6477021075000000000 16916743610887616000000
8 78125 2966328125 74432741328125 1405277322881328125 21464540262745361328125 277880845297817532881328125
Figure 2. Equivariant reduced Euler characteristics
E
Q
U
IV
A
R
IA
N
T
E
U
L
E
R
C
H
A
R
A
C
T
E
R
IS
T
IC
S
O
F
T
H
E
U
N
IT
A
R
Y
B
U
IL
D
IN
G
1
7
−χ˜22(GL−n (Fq)) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6
q = 32
0
4 4 −4 −12 −12 −4
q = 32
1
2 −6 −14 10 34 10
q = 32
2
2 −14 −30 82 194 −238
q = −320 2 −2 −6 −2 2 6
q = −321 8 24 24 −40 −152 −184
q = −322 16 112 432 880 208 −4144
−χ˜23(GL−n (Fq)) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6
q = 32
0
16 96 176 −832 −5424 −9184
q = 32
1
4 −120 −500 6928 30228 −255336
q = 32
2
4 −504 −2036 125968 514068 −20813288
q = −320 4 −24 −116 208 1428 −328
q = −321 64 1920 35520 446208 3904320 22659712
q = −322 256 32256 2665216 162331648 7766985984 303778507264
Figure 3. Some second and third 2-primary equivariant reduced Euler characteristics
−χ˜32(GL−n (Fq)) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6
q = 23
0
3 3 3 6 6
q = 23
1
9 36 90 180 342
q = 23
2
27 351 2943 18036 87048
q = 43
0
1 −1 −1 0 0
q = 43
1
1 −4 −4 6 6
q = 43
2
1 −13 −13 78 78
−χ˜33(GL−n (Fq)) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6
q = 23
0
9 36 108 342 990
q = 23
1
81 3240 85536 1681236 26321436
q = 23
2
729 265356 64306548 11672702802 1692852267834
q = 43
0
1 −4 −4 6 6
q = 43
1
1 −40 −40 780 780
q = 43
2
1 −364 −364 66066 66066
Figure 4. Some second and third 3-primary equivariant reduced Euler characteristics
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